Abstract. A large class of positive finite presentations of the braid groups is found and studied. It is shown that no presentations but known exceptions in this class have the property that equivalent braid words are also equivalent under positive relations.
Introduction
We will discover a large class of positive finite presentations of the n-braid group. Roughly speaking, a presentation in this class has a set of generators determined by a connected graph with n vertices immersed in a plane in such a way that each pair of edges intersects at most once. Our class of presentations includes all known positive finite presentations such as the Artin presentation [1] , the band-generator presentation in [3, 9] and all of Sergiescu's presentations in [11] . Our first objective is to find a (minimal) collection of positive relations among generators given by a graph as above so that it becomes a presentation of the n-braid groups.
The semigroup of all positive words plays a crucial role in the solutions to the word problem and the conjugacy problem for the n-braid group given by Garside [7] , Thurston [6] , and Elrifi-Morton [5] . Their solutions are based on the property that the semigroup embeds in the whole group. Birman-Ko-Lee's recent work [3] also requires this embedding property in order to give a fast solution to the word problem in the band-generator presentation. Our second objective is to prove that with a few exception all presentations in our class have the embedding property. The Artin and the band-generator presentations are the only nontrivial exceptions. Consequently these two among all presentations are natural and interesting for further study.
Immersed graphs and known presentations
The n-braid group B n is the group of isotopy classes of orientationpreserving automorphisms of an n punctured plane R 2 that fix the set of punctures and the outside of a disk containing all punctures. It is customary to place punctures on the x-axis and equally spaced. Ignoring the punctures, such an automorphism is a homeomorphism of R 2 permuting the punctures and so is isotopic to the identity map of R 2 . A geometric braid is determined by taking the trace of the punctures under this isotopy. When the punctures are not in the customary location, there is a choice of homeomorphisms of R 2 that send the punctures to their customary location and a geometric braid is uniquely determined up to conjugation in this case.
Since the symmetric group over n letters is naturally a quotient of B n , an automorphism that exchanges two punctures is a candidate for a generator of B n and a typical automorphism of this type can be easily depicted as an arc connecting the two punctures so the automorphism exchanges two punctures clockwise or counterclockwise inside an annulus lying along the arc. See Figure 1 for an example. This type of braids will be called the half twist along the given arc. Therefore by regarding the punctures as vertices and a collection of these arcs as edges, we have a graph Γ immersed in R 2 satisfying the following properties:
1. There are no loops; 2. Edges have no self-intersections; 3. Two distinct edges intersect either at interior points transversely or at common end points. 4 . There is at least a vertex inside a "pseudo digon", that is, a region cobounded by two subarcs from two edges so that corners of the region are either two interior intersection points or one vertex and one interior intersection point. If the number of intersections among edges is minimized, for example, by making all edges geodesics in the hyperbolic structure of the punctured plane, the condition (4) holds automatically. Two immersed graphs are regarded as equivalent if one graph can be transformed to the other by an orientation-preserving homeomorphism of R 2 . Thus we may assume that vertices lie on the customary locations if necessary.
Throughout this article, graphs mean immersed graphs in R 2 satisfying the condition discussed. If graphs are embedded in R 2 , we call them planar. The set of edges in a graph Γ with n vertices corresponds to a set of elements in B n as in Figure 1 . Two equivalent graphs determine two sets of braids that differ by an inner automorphism of B n . If the set corresponding to edges generates B n , we say that Γ generates B n and we are interested in graphs that generate B n . Since an edge of Γ corresponds to a transposition in the symmetric group, a graph that generates B n must be connected in order to permute any two vertices. But there are connected graphs that do not generate B n . The problem of deciding when an immersed graph generates the braid group is considered elsewhere [8] .
We now discuss how a braid word corresponds to an edge of a graph with n vertices in the customary location. The Artin generator σ i (or σ −1 i ) for i = 1, . . . , n−1 corresponds to the clockwise(counterclockwise, respectively) half twist along the straight edge joining the i-th and the (i + 1)-st vertices. Given an edge of a graph, we simplify the edge via a sequence of half twists σ i or σ −1 i for i = 1, . . . , n − 1 until it becomes a straight edge corresponding to, say, σ k . The required sequence can be expressed as a word W in Artin generators in which a half twist applied later is written on the left. Then the edge that we started with corresponds to the braid word W −1 σ k W . The word W is not uniquely expressed but W as an element of B n is well-defined. The inverse of this correspondence is similar. Given a conjugate W −1 σ k W , apply a sequence of half twists determined from right to left by W −1 to the straight edge σ k . Consequently each edge of a graph with n vertices is uniquely represented by an element in B n that can be written as a conjugate of an Artin generator. The following lemma summarizes this discussion. Lemma 2.1. A braid β in B n is the half twist along an arc joining two punctures in the plane if and only if β can be written as a conjugate of an Artin generator or its inverse.
From now on as long as no confusion arises, we will not distinguish three concepts, namely an edge of a graph, the half twist along the edge, and a conjugate word expressing the edge. Since any two Artin generators are conjugate each other, any half twist along an arc corresponds to a conjugate of a fixed Artin generator. The following is immediate from the above lemma. In the view of the above corollary, it is important to know how the conjugate of an edge by another edge in a graph looks like. Let α and β be words in B n that express edges of a graph. If the edges α and β do not intersect each other and are not adjacent, they commute and so αβα −1 = β = α −1 βα. If the edges α and β do not intersect each other and are adjacent, the three edges α, β, and αβα −1 = β −1 αβ form a triangle counterclockwise and the three edges α, β, and α −1 βα = βαβ −1 form a triangle clockwise as in Figure 2 . We note that there should be no other vertex inside the triangles and this can be achieved by drawing thin triangles inside a sufficiently small neighborhood of the union of two edges α and β. When the edges α and β intersect at an interior point, one can still describe the edges αβα −1 and α −1 βα but we do not need them in this article. Give a set E of generators of the n-braid group B n , a positive word in E is a product of positive powers of generators in E. A presentation of a group is finite if there are finitely many generators and relations. A presentation is positive if all defining relations are equations of positive words in generators.
We now introduce the graphs that corresponds to some of known positive finite presentations of the braid groups. The set of Artin generators σ 1 , σ 2 , σ 3 , . . . , σ n−1 of B n forms the graph in Figure 3 and a minimal set of defining relations is given by The graphs in Figure 3 will be called the Artin graph. Sergiescu [11] showed how a finite presentation of B n can be obtained from any planar connected graph with n vertices. He described a sufficient set of positive relations that depend only on the geometry of a given planar graph. We will give a minimal set of positive relations as a corollary of the main theorem in §3. Let n be the number of vertices in Γ. By choosing a fixed n points in R 2 and a homeomorphism of R 2 that sends vertices of Γ to the n fixed points, the group B Γ introduced in [11] is identified with the n-braid group B n . These presentations of B n will be called Sergiescu's presentations. The relations in a Sergiescu's presentation are highly redundant but they are useful when we need to find a relation locally given by a planar graph.
Recently a new presentation of B n called the band-generator presentation has been developed by Birman-Ko-Lee [3] . This presentation has n 2 generators a ts for 1 ≤ s < t ≤ n corresponds to the graph in Figure 4 and defining relations:
a ts a sr = a tr a ts = a sr a tr for all t, s, r with n ≥ t > s > r ≥ 1 a ts a rq = a rq a ts if (t − r)(t − q)(s − r)(s − q) > 0.
The Artin generator and the band-generators are related as
The set of band-generators are depicted as the graph in Figure 4 that will be called the inner complete graph. The relations a ts a sr = a tr a ts = a sr a tr will be called a triangular relation. A triangular relation is derived whenever a new generator is introduced by means of a conjugation of an edge by an adjacent edge. Triangular relations serve as building blocks of positive relations in the braid groups.
Positive Presentations from linearly spanned graphs
After an immersed graph is turned into a planar graph by regarding all interior intersections as vertices, a region bounded by a closed edgepath is called a pseudo face if the edge-path contains at least one vertex that is an interior intersection of two edges as in Figure 5 .
A graph Γ is said to be linearly spanned if it is connected and there is no vertex in any pseudo face of Γ. A connected subgraph of a linearly spanned graph is clearly linearly spanned. Two edges of a linearly spanned graph intersect each other at most once since any pseudo digon cobounded by two edges can not exist in a linearly spanned graph. All planar graphs and all subgraphs of the inner-complete graph are linearly spanned. For example the graph on the left in Figure 6 is neither planar nor a subgraph of the inner-complete graph but it is linearly spanned, and the graph on the right is not linearly spanned
The following lemma justifies the terminology "linearly spanned".
Lemma 3.1. A linearly spanned graph that is a tree is equivalent to a subgraph of the inner-complete graph.
Proof. Choose a point x far away from the graph. Since the graph is a tree and no vertices are surrounded by edges, there are n arcs that join x to each vertex and are disjoint each other and are disjoint from the graph as in Figure 7 . Choose a new horizontal axis disjoint from the graph and move each vertex along each arc by a homeomorphism so that it lies on the new axis as Figure 7 . Then the result is a subgraph of the inner complete graph. Proof. A maximal tree of Γ is equivalent to a connected subgraph of the inner-complete graph from which we can obtain the inner complete graph by adding missing edges that are conjugates of an existing edge by an adjacent edge.
Lemma 3.3. Let T be a linearly spanned tree with n vertices. Then T generates B n with (n−1)(n−2) 2 positive relations described as in the proof below.
Proof. Induction on n. It is trivial when n = 2. Suppose a linear spanned tree T ′ with n − 1 vertices generates B n−1 with
positive relations. We add a new vertex and a new edge α to T ′ . For each edge β of T ′ , we will have a new positive relation so that n − 2 new positive relations will be added. In the following we use Tietze transformations [12] that add and delete a generator(s) denoted by λ or µ to utilize triangular relations.
1. If α and β have no intersection, add the positive relation 
If α and β intersect and form a pseudo face as in Figure 9 (a), add the positive relation
that is derived from βλ = λβ where
5. If α and β intersect and form a pseudo face as in Figure 9 (b), add the positive relation
that is derived from λµ = µλ where
The following is the main theorem of this section and the known presentation mentioned in the previous section can be obtained from this.
Theorem 3.4. Let Γ be a linearly spanned graph with n vertices. Then Γ generates B n with (n−1)(n−2) 2 + k positive relations described as in the proof below where Γ has n + k − 1 edges.
Proof. Choose a spanning tree T of Γ. Then a linearly spanned tree T generates B n with (n−1)(n−2) 2 positive relations as in Lemma 3.3. When each edge α in Γ − T are added, a circuit is formed and the circuit give a new positive relation as follows:
1. If α forms a circuit with no intersection with other edges as in Figure 10 , add the positive relation
where we regard that the circuit bounds a polygonal disk by cutting open all edges inside the circuit as in Figure 10 . 2. If α forms a circuit with some intersections with other edges as in Figure 11 , add the positive relation
Figure 11.
Embedding problem
Two positive words U, V in a positive presentation will be said to be positively equivalent if they are identically equal or they can be transformed into each other through a sequence of positive words such that each word of the sequence is obtained from the preceding one by a single direct application of the defining relations. And we will write U . = V if U and V are positively equivalent. Given a positive finite presentation X | R of B n , let B + n be the free semigroup generated by X modulo R. If any two equivalent positive words U and V are positively equivalent, then we say that the semigroup B + n embeds in B n or the presentation X | R has the embedding property. A set X of generators is said to have the embedding property if a presentation X | R has the embedding property for some finite set R of positive relations. The embedding problem of a graph that generates B n with positive relations is to decide whether the set of generators given by the graph has the embedding property. Thus a graph does not have the embedding property if and only if no finite set of positive relations over the set of generators given by the graph form a presentation with the embedding property.
Garside [7] showed that the Artin presentation has the embedding property and Birman-Ko-Lee [3, 9] showed that the band-generator presentation has the embedding property. We will show that linearly spanned graphs with more than 3 vertices do not have the embedding property except these two presentations. There are 4 possible linearly spanned graphs with 3 vertices as in Figure 12 . The first two graphs give the Artin and the band-generator presentations of B 3 . The last two graphs have multiple edges. We do not know whether these graphs have the embedding property. In particular the following presentation with 4 defining relations:
may have the embedding property. But all known techniques as in [2, 3, 4, 9, 10] fail to apply to this example. We will try to avoid these unknown exceptions in the following discussion by allowing no multiple edges.
A subgraph Γ ′ of a graph Γ is said to be full if every edge in Γ joining two vertices in Γ ′ is also in Γ ′ .
Theorem 4.1. Let Γ ′ be a connected full subgraph of a linearly spanned graph Γ. If a graph Γ has the embedding property and there is a circle C such that C contains Γ ′ inside and all vertices in Γ − Γ ′ lie outside, then Γ ′ also has the embedding property.
Proof. Let X and X ′ be the set of generators given by Γ and Γ ′ , respectively and let R be a finite set of positive relations on X such that X | R has the embedding property. Let R ′ be the set of relations on X ′ which is a "full" subset of R in the sense that R ′ contains all relations in R written on X ′ . We will prove by contradiction that X ′ | R ′ has the embedding property. Suppose that there exists a pair of positive words U, V on X ′ such that U, V are equivalent in the braid group but are not positively equivalent under R ′ . Since X|R has the embedding property, U . = V under R. Thus there is a sequence of positive words W 1 , . . . , W k over X such that U . ′ to a vertex w not in Γ ′ . Let β be such an occurrence that comes last in W i . Since Γ ′ is connected, the vertex v is joined to another vertex u in Γ ′ by an edge α. As an automorphism of the punctured plane, U does not change the circle C because the edges for U never touch C. On the other hand we will show W i must change C and this is a contradiction because U and W i are isotopic as automorphisms of the punctured disk. The automorphism W i is the composition of the counterclockwise half twists along edges in W i . Then the counterclockwise half twist along β creates an intersection x of C with the edge α. The intersection x can disappear only via a clockwise half twist along an edge incident at either u or v as in Figure 13 . But all of half twists in W i are counterclockwise because W i is a positive word over edges, Figure 13 .
We think the above theorem also holds when we replace the condition "linearly spanned" by "connected". Proof. An intersection between two adjacent edges always creates a pseudo face that must contain a vertex and so there is no intersection between adjacent edges in a linearly spanned graph. Suppose Γ has more than one intersection. Figure 14 shows a typical situation with one intersection and another intersection x. The edge α must join vertices v 1 and v 3 , otherwise x is an intersection between two adjacent edges. One can easily check that all possibilities of completing α create a pseudo face containing at least a vertex. 
(ii) the word length |W | = |W ′ | = k + c for some constant c; (iii) αV = α ′ P and V β = Qβ ′ for any positive words P, Q over X Then the graph Γ does not have the embedding property.
Proof. Let X | R be any positive finite presentation of the braid group. The hypothesis (iii) implies that any shorter positive relation than W = W ′ itself can not make W positively equivalent to W ′ . Choose a large k such that W = W ′ is longer than any relation in R. Then W is not positively equivalent to W ′ over R.
The following theorem completely determines when a linearly spanned graph with 4 vertices and no multiple edges has the embedding property. In the proof given below, P (α 1 , . . . , α k ) or Q(α 1 , . . . , α k ) will denote a positive word over the generators α 1 , . . . , α k . Proof. The graphs in Figure 15 give the Artin presentation and the band-generator presentation. So they have the embedding property.
In order to show that all other linearly spanned graphs with 4 vertices do not have the embedding property, we appeal to Lemma 4.3. To check the hypothesis (iii) of the lemma, we use the fact that the bandgenerator presentation has the embedding property so that the positive equivalence in the presentation is the same as the equivalence in the braid group. We also utilize the left and right cancellation theorem and the left and right canonical forms in the band-generator presentation in [3, 9] .
In the view of Lemma 4.2, the graphs being considered are divided into two types: planar graphs and graphs with one intersection among edges.
Planar graphs. Planar graphs with 4 vertices can be divided further into three types: graphs containing neither a triangle nor a rectangle, graphs containing at least a rectangle, and graphs containing at least a triangle but no rectangle, where a triangle (or a rectangle) is nondegenerate, that is, must have 3 (or 4, respectively) vertices and must contain no other vertices inside.
I. Graphs containing neither a triangle nor a rectangle. This type is further divided into two types (i) and (ii). (i) Graphs containing a vertex adjacent to all of remaining three vertices. We may have two possible graphs as in Figure 16 up to equivalence. For each of these two graphs, let W = α 1 α 2 α k 3 α 1 and
We will show that W and W ′ satisfy Lemma 4.3. Add the edges λ, µ, ν so that these edges together with α 1 , α 2 , α 3 form an inner-complete graph. Then Add the edges λ, µ so that these edges together with α 1 , α 2 , α 3 , α 4 form an inner-complete graph. Then
Suppose α 1 α k 2 = α 2 P for some positive word P in the band-generator presentation. Then P .
by the left cancellation in the bandgenerator presentation. Thus P can not be written over α 1 , α 2 , α 3 , α 4 . Similarly α III. Graphs containing at least a triangle but no rectangle. In this case, graphs are divided two types by the number of triangles. (i) Graphs containing one triangle. We have one possible graph as in Figure 19 up to equivalence.
Figure 19.
Add the edges λ, µ so that these edges together with α 1 , α 2 , α 3 , α 4 form an inner-complete graph. Then Add the edges λ so that these edges together with α 1 , . . . , α 5 form an inner-complete graph. Then Graphs with one intersection. The edges α 1 and α 3 that intersect each other are transformed to the diagonals of a rectangle. Then 4 more edges are needed to make an inner-complete graph. We have four distinct types of graphs, depending on how many edges are missing from the inner-complete graph.
I. Three edges are missing. Figure 21 is the only possible graph in this case. Let
Figure 21.
Add the edges λ, µ, ν so that these edges together with α 1 , α 2 , α 3 form an inner-complete graph. Then
and so it may start only with α 1 , α 2 , λ. Thus Add the edges λ, ν so that these edges together with α 1 , . . . , α 4 form an inner-complete graph. Then Proof. We have already discussed about linearly spanned graphs with 3 vertices. Let Γ be a linearly spanned graph with more than 3 vertices that has the embedding property. First we choose a connect full subgraph Γ ′ with 4 vertices from Γ so that there is a separating circle satisfying the hypothesis of Theorem 4.1. Choose 4 vertices that form a connected subtree in a spanning tree of Γ. Take the full subgraph with these 4 vertices. If there is no other vertices in faces of this full subgraph, then this is a desired full subgraph. If there is other vertices in the faces of this full subgraph and none of them is adjacent to the chosen 4 vertices, then there is an edge-path starting at a vertex v on a face and ending at one of the 4 vertices such that the edge-path intersect the full subgraph of the 4 vertices and so v is contained in a pseudo face. Since Γ is linearly spanned, this can not happen. Thus at least one of vertices on faces, say w, is adjacent to one of the 4 vertices. Then we have the less number of unwanted vertices contained in faces of a new connected full subgraph that is obtained by replacing 
